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In practice there are interest 
variables that do not follow 

a normal distribution.

Traditional process 
capability indices are 

sensitive to non-normality 
of data.

Process capability indices requires normality



Methods to estimate process capability indices 
associated with non-normal data 

Clements’s percentile 
method: 

It calculates the indices
using a family of Pearson
curves [1].

Box-Cox transformation 
method:

It consists of an initial
data transformation
followed by the
application of
conventional methods to
resulting data considered
as normal [2].

[1] Clements, J. A. (1989). “Process capability indices for non-normal calculations”. Quality Progress, 22, 49-55. 
[2] Ahmad, S., Abdollahian, M. and Zeephongsekul, P. (2008). “Process capability estimation for non – normal quality
characteristics: A comparison of Clements, Burr and Box – Cox Methods”. ANZIAM Journal, 49, 642–665.



Clements’s percentile method
Index [1] Normal Non-Normal

Potential process
capability index.

Capability index for the
lower specification
level.

Capability index for the
upper specification
level.

Real process capability
index.

[1] Clements, J. A. (1989). “Process capability indices for non-normal calculations”. Quality Progress, 22, 49-55. 

� 𝜇: real mean
� 𝜎2: real variance

Where: � 𝑈𝑆𝐿 and 𝐿𝑆𝐿: upper and lower specification limits
� 𝑃𝑞: 𝑞 percentile, with 0 < 𝑞 < 1



Skewed Normal distribution
The probability density function associated to a random variable
with a Skewed Normal distribution is as follows [3]:

Where:
𝜉 is a position parameter
𝜔 is a scaling parameter
𝛼 is a shape parameter

𝛼 > 0 Positive asymmetry
𝛼 = 0 Symmetry
𝛼 < 0 Negative asymmetry

Taken from: www.wikipedia.com

[3] Figueiredo, F. and Gomes, I. (2011) “The skew-normal distribution in SPC”. National Funds through Fundação para 
a Ciência e a Tecnologia. 

𝜇
𝜎



Method adaptation in R

Calculate 
process 

capability 
indices

Define 
parameters

𝜉 = (−2,−1, 0, 1, 2)
𝜔 = (0.5, 1, 1.5, 2, 2.5, 3)
𝛼 = −3,−2,−1, 0, 1, 2, 3

𝐿𝑆𝐿 = 𝜉 − 3𝜔
𝑈𝑆𝐿 = 𝜉 + 3𝜔

Real
R libraries: 

sn

Sample
R libraries: 

sn and fGarch 
(snormFit)

Sample size 
𝑛 = {50,100,200,500}

Number of studied scenarios = 840 



The shape parameter (𝛼) sets a trend in estimates 
of process capability indices

Index 𝐶𝑝𝑙 for sample size 50

 𝜔 = 0.5
 𝜔 = 1
 𝜔 = 1.5
 𝜔 = 2
 𝜔 = 2.5
 𝜔 = 3

Estimated Omega:

Real Mean = -2

Real Mean = 0

Real Mean = 2



The shape parameter (𝛼) sets a trend in estimates 
of process capability indices

Index 𝐶𝑝𝑢 for sample size 50

The trend is independent 
of the values 

of the parameters of 
position and scale.

 𝜔 = 0.5
 𝜔 = 1
 𝜔 = 1.5
 𝜔 = 2
 𝜔 = 2.5
 𝜔 = 3

Estimated Omega:

Real Mean = -2

Real Mean = 0

Real Mean = 2



The trend continues for different sample sizes
𝐶𝑝𝑙 𝐶𝑝𝑢

 𝜔 = 0.5
 𝜔 = 1
 𝜔 = 1.5
 𝜔 = 2
 𝜔 = 2.5
 𝜔 = 3

Estimated Omega:

Real Mean = -2

Real Mean = -2

Real Mean = 2

Real Mean = 2



Consistent estimators are obtained for any
value of 𝜉

𝜉

𝑛

𝐸𝑠𝑡𝑖𝑚𝑎𝑡𝑖𝑜𝑛 𝐶𝑝

𝑅𝑒
𝑎𝑙
𝐶𝑝



𝜔

𝑛

This consistency is more obvious to the position 
parameter 𝜔

𝐸𝑠𝑡𝑖𝑚𝑎𝑡𝑖𝑜𝑛 𝐶𝑝𝑙

𝑅𝑒
𝑎𝑙
𝐶𝑝

𝑙



𝑛

𝜔

The consistency of 𝜉 and 𝜔 is satisfied for any 
index

𝐸𝑠𝑡𝑖𝑚𝑎𝑡𝑖𝑜𝑛 𝐶𝑝𝑢

𝑅𝑒
𝑎𝑙
𝐶𝑝

𝑢



𝑛 = 50 𝑛 = 100

𝑛 = 200 𝑛 = 500

There is some symmetric in the index values.

Limits for 𝐶𝑝 based on the shape parameter 𝛼



𝑛 = 50 𝑛 = 100

𝑛 = 200 𝑛 = 500

Two sets of values are established.

Limits for 𝐶𝑝𝑘 based on the shape parameter 𝛼



𝑛 = 50 𝑛 = 100

𝑛 = 200 𝑛 = 500

There is a cutoff point

Limits for 𝐶𝑝𝑙 based on the shape parameter 𝛼



Objectives fulfillment 

Objectives Percentage

Identify methods to estimate process capability indices
associated with non-normal data.

100%

Select one of these methods and adapt it to the Skewed
Normal distribution.

100% 

Develop the proposed methodology in a programming
language.

80% 

Compare the proposed methodology performance
against conventionally used methods reported in
literature.

10% 



THANKS FOR YOUR 
ATTENTION



Consistent estimators are obtained for 
any value of 𝜉

𝑛

𝜉

𝐸𝑠𝑡𝑖𝑚𝑎𝑡𝑖𝑜𝑛 𝐶𝑝𝑢

𝑅𝑒
𝑎𝑙
𝐶𝑝

𝑢



Consistent estimators are obtained for 
any value of 𝜉

𝑛

𝜉

𝐸𝑠𝑡𝑖𝑚𝑎𝑡𝑖𝑜𝑛 𝐶𝑝𝑙

𝑅𝑒
𝑎𝑙
𝐶𝑝

𝑙



𝑛

𝜔

Consistent estimators are obtained for 
any value of 𝜔

𝐸𝑠𝑡𝑖𝑚𝑎𝑡𝑖𝑜𝑛 𝐶𝑝

𝑅𝑒
𝑎𝑙
𝐶𝑝



𝜔

𝑛
𝑅𝑒
𝑎𝑙
𝐶𝑝

𝑘

𝐸𝑠𝑡𝑖𝑚𝑎𝑡𝑖𝑜𝑛 𝐶𝑝𝑘

Consistent estimators are obtained for 
any value of 𝜔



The snormFit function produces inaccurate 
estimates of 𝛼

𝑛 = 50 𝑛 = 100

𝑛 = 200 𝑛 = 500


