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Ordinal and Cardinal Numbers

Georg Cantor (1845 — 1918)*

Cantor around 1870

*Figures source: Wikipedia.
Ordinal Numbers 2/57


https://en.wikipedia.org/wiki/Georg_Cantor

Ordinal and Cardinal Numbers

Generalisation of natural numbers via two abstractions

Cantor's definitions of ordinal and cardinal numbers were ‘definitions by abstraction’ [Ivorra
Castillo , pp- 293-4]:

Aqui [Cantor (1915) | define Cantor el ‘ordinal’ de un conjunto ordenado como
el concepto al que llegamos cuando hacemos abstraccion de la naturaleza de sus
elementos y conservamos tinicamente su ordenacién, de modo que dos conjuntos tienen
el mismo ordinal si y sélo si sus elementos pueden ponerse en correspondencia biunivoca
conservando el orden. Por otra parte, el ‘cardinal’ de un conjunto es el concepto al
que llegamos cuando hacemos abstraccion de la naturaleza de sus elementos, asi como
de toda posible ordenacion.
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Ordinal Numbers Definition

Some definitions
e Cantor (1883). Equivalence class of well-ordered sets.
@ von Neumann (1923). Canonical well-ordered sets.
@ von Neumann (1928). Transitive sets well-ordered by the membership relation.
@ Robinson (1937). Sets satisfying some properties without using the theory of ordered sets.
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Cantor (1883): Ordinals as Equivalence Class of Well-Ordered Sets

Definition

A structure is a pair (A, R) consisting of a set A and a binary relation R on A.*

*See, e.g. [Enderton 1977].
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Cantor (1883): Ordinals as Equivalence Class of Well-Ordered Sets

Definition
A structure is a pair (A, R) consisting of a set A and a binary relation R on A.*

Definition
Let (A, R) be a structure where R is a relation of order. The Cantor order-type of (A, R) is
the collection of the similar (i.e. order-isomorphic) structures to it."

*See, e.g. [Enderton ]
fSome authors define the order-types on totally ordered sets (see, e.g. [Mendelson (1964) . p. 249]) or
on well-ordered sets (see, e.g. [Hrbacek and Jech (1978) , p- 113]). The collection of similar structures is

not a set but a class. A generalisation of the above definitions is the following. A relational/algebraic structure
is a set and various relations/operations on it. In general, a structure is a set and various relations and
operations on it (see, e.g. [Hrbacek and Jech (1978) ). The structures are called ‘isomorphic’ instead of
‘similar’ when working with general structures.
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Cantor (1883): Ordinals as Equivalence Class of Well-Ordered Sets

Definition
An ordinal number is the order-type of a well-ordered set.*

Remark
Note the ‘definition by abstraction’ in the previous definition.

*Cantor's definition [Cantor (1883) ]. See, e.g. [van Heijenoort , p- 346], [Suppes (1960) ,
p. 129] and [Moore , p. 52].
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Cantor (1883): Ordinals as Equivalence Class of Well-Ordered Sets

Definition
An ordinal number is the order-type of a well-ordered set.*

Remark
Note the ‘definition by abstraction’ in the previous definition.

Drawback
The ordinal numbers are not sets but classes.

*Cantor's definition [Cantor (1883) ]. See, e.g. [van Heijenoort , p- 346], [Suppes (1960) ,
p. 129] and [Moore , p. 52].
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Cantor (1883): Ordinals as Equivalence Class of Well-Ordered Sets

Definition
An ordinal number is the order-type of a well-ordered set.*

Remark
Note the ‘definition by abstraction’ in the previous definition.

Drawback
The ordinal numbers are not sets but classes.

Discussion
Can we define a data type for representing ordinal numbers from the previous definition?

*Cantor's definition [Cantor (1883) ]. See, e.g. [van Heijenoort , p- 346], [Suppes (1960)
p. 129] and [Moore , p. 52].
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von Neumann (1923): Ordinals as Canonical Well-Ordered Sets

Motivation
To define the ordinal numbers as sets.
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von Neumann (1923): Ordinals as Canonical Well-Ordered Sets

Motivation
To define the ordinal numbers as sets.

von Neumann's informal definition
von Neumann [(1923) 1967] initially described the ordinals numbers by:
i) Every ordinal is the set of ordinals that precede it.

ii) The first ordinal is the empty set.
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von Neumann (1923): Ordinals as Canonical Well-Ordered Sets

Motivation

To define the ordinal numbers as sets.

von Neumann's informal definition

von Neumann [(1923) | initially described the ordinals numbers by:
i) Every ordinal is the set of ordinals that precede it.
ii) The first ordinal is the empty set.

Definition
Let a be a set. The successor of a is defined by

succa == aU{a}.
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von Neumann (1923): Ordinals as Canonical Well-Ordered Sets

Example

Some von Neumann ordinals.

0:=0,
1 :=succ0 = {0} = {0},
2:=succl ={0,1} = {0, {0}},

w:=1{0,1,2,... }.
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von Neumann (1923): Ordinals as Canonical Well-Ordered Sets

Example

Some von Neumann ordinals.
0:=0,
1 :=succ0 = {0} = {0},
2 :=succl = {0,1} = {0, {0}},
w=1{0,1,2,...}.

Note that
ele2e--- and 0C1C2C ...
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von Neumann (1923): Ordinals as Canonical Well-Ordered Sets

Example

Some von Neumann ordinals.

w:=1{0,1,2,...},
w+1:=succw={0,1,2,...,w},
w+2:=succ(w+1)={0,1,2,...,w,w+ 1},

w-2=w+w=40,1,2,...,0,w+1,w+2...}.

Ordinal Numbers
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von Neumann (1923): Ordinals as Canonical Well-Ordered Sets

Example

Some von Neumann ordinals.
w:=1{0,1,2,...},
w+1:=succw={0,1,2,...,w},
w+2:=succ(w+1)={0,1,2,...,w,w+ 1},
w-2=w+w=40,1,2,...,0,w+1,w+2...}.
Note also that

wewt+lew+2e--- and wCw+1Cw+2C---.

Ordinal Numbers
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von Neumann (1923): Ordinals as Canonical Well-Ordered Sets

Definition
Let (A, <) be a well-ordered set and let a € A. The initial <-segment of A generated by a
is the set of all elements of A that strictly precede a, that is,

sega={x€A|z<a}l.
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von Neumann (1923): Ordinals as Canonical Well-Ordered Sets

Definition

Let (A, <) be a well-ordered set and let a € A. The initial <-segment of A generated by a
is the set of all elements of A that strictly precede a, that is,

sega={x€A|z<a}l.

von Neumann's (1923) definition

‘A set x is an ordinal number iff there exists a well-ordering R on x such that every element
of z is equal to its corresponding initial R-segment.’ [Dunik , p. 13]
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von Neumann (1923): Ordinals as Canonical Well-Ordered Sets

Definition

Let (A, <) be a well-ordered set and let a € A. The initial <-segment of A generated by a
is the set of all elements of A that strictly precede a, that is,

sega={x€A|z<a}l.

von Neumann's (1923) definition

‘A set x is an ordinal number iff there exists a well-ordering R on x such that every element
of z is equal to its corresponding initial R-segment.’ [Dunik , p. 13]

Example

For the ordinal number 3 = {0, 1,2}, the elements 0, 1 and 2 are equals to the initial e-segments
seg 0, seg1 and seg 2, respectively.
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von Neumann (1923): Ordinals as Canonical Well-Ordered Sets

Drawback
The ordinal numbers are sets but their definition is based on well-orderings.
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von Neumann (1923): Ordinals as Canonical Well-Ordered Sets
Drawback

The ordinal numbers are sets but their definition is based on well-orderings.

Discussion

Can we define a data type for representing ordinal numbers from the previous definition?
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Let's Count

Fasting

0,1,2,

Ordinal Numbers
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Let's Count

A little slower

0,1,2,...,0w,w+1l,w+2,...,04+w=w-2,
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Let's Count

A little slower
0,1,2,...,0w,w+1l,w+2,...,04+w=w-2,
w-24+1w-242,.. w3, wd . wew=w?
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Let's Count

A little slower

0,1,2,...,0w,w+1l,w+2,...,04+w=w-2,
w-24+1w-242,.. w3, wd . wew=w?

WHLw?+2,. . Wt fwt+ Ll Fw+2, W w2,
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Let's Count

A little slower
0,1,2,...,0w,w+1l,w+2,...,04+w=w-2,
w-24+1w-242,.. w3, wd . wew=w?
WHLw?+2,. . Wt fwt+ Ll Fw+2, W w2,

WCHw-3, . w2, w3 W Wt W,
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Let's Count

A little slower

0,1,2,...,0w,w+1l,w+2,...,04+w=w-2,
w-24+1w-242,.. w3, wd . wew=w?
WHLw?+2,. . Wt fwt+ Ll Fw+2, W w2,

WHw- 3. w2, w3 Wl Wt

w w w2 w w w
w2, W WYY, w Sy
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von Neuman (1928): Ordinals as Transitive Sets Well-Ordered by the
Membership Relation

Definition

A set A is well-ordered by the membership relation iff the relation

ea={(z,yy e AxAlz ey}

is a well-ordering on A.
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von Neuman (1928): Ordinals as Transitive Sets Well-Ordered by the
Membership Relation

Definition

A set A is well-ordered by the membership relation iff the relation
ea={(z,yy e AxAlz ey}
is a well-ordering on A.

Definition

A set S is transitive iff every element of S is a subset of S.*

*See, e.g. [Hrbacek and Jech (1978) , Ch. 6, Def. 2.1].
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von Neuman (1928): Ordinals as Transitive Sets Well-Ordered by the
Membership Relation

Definition
A set « is an ordinal number iff *
@ the set is transitive and

@ the set is well-ordered by the membership relation.

*von Neumann'’s definition [von Neumann 1928]. See, e.g. [Rubin 1967, p. 176] and [Jech 1971, p. 7]. This
is the definition used by [Hrbacek and Jech (1978) 1999].
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Robinson (1937): Ordinals as Sets Satisfying Some Properties

Motivation
The theory of ordinal numbers can be constructed without using the theory of ordered sets.
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Robinson (1937): Ordinals as Sets Satisfying Some Properties

Motivation
The theory of ordinal numbers can be constructed without using the theory of ordered sets.

Definition
A set A is transitive iff
Va(ae A—aCA),

or equivalently, iff
VeVa(r €eae A—xeA).
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Robinson (1937): Ordinals as Sets Satisfying Some Properties

Definition

A set A is connected under € iff

VeVy(z,y € A=z €yVae=yVycE ).
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Robinson (1937): Ordinals as Sets Satisfying Some Properties

Definition
A set A is connected under € iff

VeVy(z,y € A=z €yVae=yVycE ).

Definition
A set « is an ordinal number iff [Robinson I
@ the set is transitive and

@ the set is connected under e.

*Drake [ , p- 24] introduces this definition under Zermelo-Fraenkel set theory. See, also, [Dunik
p. 14] and [van Heijenoort , p- 348]. It is also the definition used by the Mizar Mathematical

Library [Bancerek 1.

34/57



Robinson (1937): Ordinals as Sets Satisfying Some Properties

Discussion
Can we define a data type for representing ordinal numbers from the previous definition?
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Properties of Ordinals

Remark
Recall that a set « is an ordinal number iff
@ the set is transitive and
@ the set is well-ordered by the membership relation.

Some properties
See slides for the subject ‘Ordinal Numbers’ in http://wwwl.eafit.edu.co/asr/courses/
set-theory-cm0832/.
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Properties of Ordinals

Definition
There are three sorts of ordinal numbers:* An ordinal number « is
i) the zero ordinal,

ii) a successor ordinal iff o has an immediate predecessor, i.e. a = succ 3 for some
ordinal 3, or

iii) a limit ordinal iff o is non-zero and a has no an immediate predecessor.f

*See, e.g. [Rogers (1967) , P- 220] and [Enderton , p. 203].
Since zero has no an immediate predecessor, some authors include it as a limit ordinal, see, e.g. [Hrbacek
and Jech (1978) . p. 108].
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An Ordinal Numbers Class

Remark
From previous theorems we know that:
i) zero is an ordinal,

ii) if ais an ordinal, then succ « is an ordinal and

i) if Ais a set of ordinals, then |J A is an ordinal.
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An Ordinal Numbers Class

Definition
Rubin [ , pp. 175-6] points out that under an appropriate (but not explicitly mentioned)
axiomatic, the class of ordinal numbers, denoted by On, could be defined by*

S a € On _Acon
0 € On succa € On JA € On

*See, also, [Crossley . p. 11].
39/57



An Ordinal Numbers Class

Definition
Rubin [ , pp. 175-6] points out that under an appropriate (but not explicitly mentioned)
axiomatic, the class of ordinal numbers, denoted by On, could be defined by*

- a € On ACOn
f € On succa € On JA€On
Discussion
Can we inductively define classes? Suggesting reading: Aczel | | and Curi [ ]
*See, also, [Crossley , p. 11].
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An Ordinal Numbers Class

Definition

Phillips [ , pp. 158-9] introduces the ordinals via the following inductive definition:
@ Zero is an ordinal.
@ If v is an ordinal, then succ « is an ordinal.

e If Ais a downwards-closed segment of ordinals (i.e. if @ € A and 5 < «, then € A)
with no greatest element, then sup A is an ordinal.

Discussion
However, the author points out the following flaws of above definition:
In order to understand ‘downwards-closed’ we have to define the ordering on ordinals.

This will have to be defined simultaneously with the ordinals. Furthermore the induct-
ive clause for limits use an infinite set A. So the definition is not finitary.
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Transfinite Induction and Recursion

Theorem (Transfinite induction principle (one version))
Let ¢(x) a propositional function. Assume that
) (0).
ii) For all ordinals o, ¢(cx) implies p(succ ).
iii) For all limit ordinals, if ¢(3) for all 8 < «, then ¢(«).

Then ¢(«) for all ordinals a.*

*See, e.g. [Hrbacek and Jech (1978) , p. 115].
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Transfinite Induction and Recursion

Theorem (Transfinite recursion theorem)

TODO.
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Ordinal Arithmetic

Definition

We define the addition of ordinals by transfinite recursion. For any ordinals o and f3:

a+0 = q,
a + (succ B) = succ (a + f),
a+p =sup{a+d|d<p}, if Bis alimit ordinal.

Example
If « =3 =w, then
wHw=sup{w+n|n<w}l.
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Ordinal Arithmetic

Definition
We define the multiplication of ordinals by transfinite recursion. For any ordinals « and f:

a-0 =0,
a-(succf) =a- B+ a,
a-f =sup {a-d|d< B}, if Bis a limit ordinal.
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Ordinal Arithmetic

Definition
We define the exponentiation of ordinals by transfinite recursion. For any ordinals o and :

:ozﬁ-a,

o = sup {a5 ‘ 0<p }, if 5 is a limit ordinal.
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Cantor Normal Formal

Remark
Recall that any positive integer has a decimal representation. For example,

562 = 5% 102 + 6 « 10" 4+ 2 % 10V.

Ordinal Numbers 47/57



Cantor Normal Formal

Remark
Recall that any positive integer has a decimal representation. For example,

562 = 5% 102 4+ 6 % 10" 4+ 2 % 10°.

Theorem
Let b be an integer greater than 1. Every integer x > 0 can be uniquely represented as

x:xn*b”—l—xn_l*b”*l+-~-+x1*b1+m0*b0,

where z,, # 0 and every x; is a non-negative integer less that b.* This representation is the

representation of x to the base b.

*See, e.g. [Andrews , Theorem 1-3, p. 8].
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Cantor Normal Formal

Example (Decimal representation)

Every integer > 0 can be uniquely represented as
=2y % 10" 4+ 21 x 10" 4o 2y % 101 4 20 % 100,

where z,, # 0, and 0 < x; < 10, for every x;.
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Cantor Normal Formal

Theorem (Cantor normal form (one version))

Every ordinal a > 0 can be uniquely represented as
a = WP .k1+w52.k2+...+w5n.km

where 81 > B2 > --- > [, are ordinals and every k; is a non-zero finite ordinal.
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Cantor Normal Formal

Theorem (Cantor normal form (other version))

By setting all the non-zero finite ordinals k; equal to 1 and allowing the exponents to be equal,
Cantor normal form can be rewriting by:

Every ordinal o > 0 can be uniquely represented as
CY:O.)BI +wﬂ2++wﬁn’

where 51 > B > --- > (3, are ordinals.
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Natural Operations

Definition
Let « and 3 be ordinals. We can represent them by

a=w kW kg4 4 WOk,
B=w" i+ w® ot W g,
where §1 > do > --- > 0, are ordinals and every k; and j; is a finite ordinal.

The natural sum of « and 3 is defined by*

a#Bi=w - (ky+ 1) +w? - (k2 +j2) + -+ 0 (b + i)

*See, e.g. [Sierpinski (1958) . § 28, p. 366].
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Natural Operations

Theorem

For any ordinals « and 3:*
) a#B=B#a

i) a+ B8 <a#p.

*See, e.g. [Sierpinski (1958) 1965, § 28, p. 366].
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