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Informally Building Sets
Definition
A set is pure iff its members are also sets.

Notation
Let A be a set. The power set of A is denoted by PA.

Convention
We shall use the terms ‘ordinal number’ and ‘ordinal’ interchangeably.
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Informally Building Sets
The ordinal numbers are the backbone of the universe of (pure) sets∗

Sets-An Informal View 9 

is that the atoms serve no mathematically necessary purpose, so we banish 
them; we take A = 0. In so doing, we lose the ability to form sets of flowers 
or sets of people. But this is no cause for concern; we do not need set theory 
to talk about people and we do not need people in our set theory. But we 
definitely do want to have sets of numbers, e.g., {2, 3 + in}. Numbers do not 
appear at first glance to be sets. But as we shall discover (in Chapters 4 and 
5), we can find sets that serve perfectly well as numbers. 

Our theory then will ignore all objects that are not sets (as interesting 
and real as such objects may be). Instead we will concentrate just on "pure" 
sets that can be constructed without the use of such external objects. In 
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Fig. 3. The ordinals are the backbone of the universe. 

particular, any member of one of our sets will itself be a set, and each of its 
members, if any, will be a set, and so forth. (This does not produce an 
infinite regress, because we stop when we reach 0.) 

Now that we have banished atoms, the picture becomes narrower 
(Fig. 3). The construction is also simplified. We have defined ~+1 to be 
J<. u £!l>V . Now it turns out that this is the same as A u £!l>V (see Exercise 

a a 
6). With A = 0, we have simply ~+1 = £!l>~. 

Exercises 

5. Define the rank of a set c to be the least IX such that c £ V . Compute 
the rank of {{0}}. Compute the rank of {0, {0}, {0, {0}}}. a 

6. We have stated that ~ + 1 = A u £!l> ~. Prove this at least for IX < 3. 

7. List all the members of V
3

• List all the members of V
4

• (It is to be 
assumed here that there are no atoms.) 

V0 := ∅ Vω := V0 ∪ V1 ∪ · · · Vα+1 := PVα

Vn+1 := PVn Vω+1 := PVω

∗Figure source: [Enderton 1977, Fig. 3].
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Classifying the Ordinals

ordinals


zero ordinal
successor ordinal
limit ordinal

ordinals


countable

{
computable (λ-definable or constructive)
incomputable

uncountable
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