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Propositional Logic: Satisfiability

Remark
The reference for this section is Ben-Ari [2012, § 2.5].
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Satisfiability, Validity, Unsatisfiability and Falsifiability

Let φ ∈ PROP.

Definitions
(i) φ is satisfiable iff JφKv = 1 for some interpretation v.

In this case, v is called a model for φ.
(ii) φ is valid (a tautology), denoted |= φ, iff JφKv = 1 for all interpretations v.
(iii) φ is unsatisfiable iff it is not satisfiable, that is, if JφKv = 0 for all interpretations v.
(iv) φ is falsifiable, denoted ̸|=, iff it is not valid, that is, if JφKv = 0 for some interpretation v.
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Fig. 2.6 Satisfiability and validity of formulas

Proof Let I be an arbitrary interpretation. vI (A)= T if and only if vI (¬A)= F

by the definition of the truth value of a negation. Since I was arbitrary, A is true in
all interpretations if and only if ¬A is false in all interpretations, that is, iff ¬A is
unsatisfiable.

If A is satisfiable then for some interpretation I , vI (A) = T . By definition of
the truth value of a negation, vI (¬A)= F so that ¬A is falsifiable. Conversely, if
vI (¬A)= F then vI (A)= T .

2.5.1 Decision Procedures in Propositional Logic

Definition 2.40 Let U ⊆F be a set of formulas. An algorithm is a decision pro-
cedure for U if given an arbitrary formula A ∈F , it terminates and returns the
answer yes if A ∈U and the answer no if A �∈U .

If U is the set of satisfiable formulas, a decision procedure for U is called a
decision procedure for satisfiability, and similarly for validity.

By Theorem 2.39, a decision procedure for satisfiability can be used as a decision
procedure for validity. To decide if A is valid, apply the decision procedure for
satisfiability to ¬A. If it reports that ¬A is satisfiable, then A is not valid; if it
reports that ¬A is not satisfiable, then A is valid. Such an decision procedure is
called a refutation procedure, because we prove the validity of a formula by refuting
its negation. Refutation procedures can be efficient algorithms for deciding validity,
because instead of checking that the formula is always true, we need only search for
a falsifying counterexample.

The existence of a decision procedure for satisfiability in propositional logic is
trivial, because we can build a truth table for any formula. The truth table in Ex-
ample 2.21 shows that p→ q is satisfiable, but not valid; Example 2.22 shows that
(p → q)↔ (¬q →¬p) is valid. The following example shows an unsatisfiable
formula.

Figure 2.6 of [Ben-Ari 2012].
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Satisfiability, Validity, Unsatisfiability and Falsifiability

Theorem (Ben-Ari [2012], Theorem 2.39)
Let φ ∈ PROP.
(i) The proposition φ is valid if and only if ¬φ is unsatisfiable.
(ii) The proposition φ is satisfiable if and only if ¬φ is falsifiable.
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Satisfiability of a Set of Propositions

Let Γ = {φ1, . . . } be a set of propositions.

Definitions
(i) Γ is satisfiable iff there exists an interpretation v such that JφKv = 1 for all φi ∈ Γ. In

this case, v is a model of Γ.
(ii) Γ is unsatisfiable iff for every interpretation v, there exists an φi ∈ Γ such that JφKv = 0.

Example
Prove that if Γ is unsatisfiable and for some i, the proposition φi is valid, then Γ − {φi} is
unsatisfiable [Ben-Ari 2012, Exercise 2.15, p. 46].
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