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Preliminaries

Convention
The references for this section are van Dalen [2013, § 2.4 and § 2.6]
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Derivation Rules for {∧, →, ⊥}

Conjunction

φ ψ
∧I

φ ∧ ψ
φ ∧ ψ

∧Eφ
φ ∧ ψ

∧E
ψ
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Derivation Rules for {∧, →, ⊥}

Implication

[φ]x

...
ψ

→Ix

φ → ψ

φ φ → ψ
→E

ψ

Remark: In the application of the →I rule, we may discharge zero, one, or more occurrences of
the assumption.

Propositional Logic: Natural Deduction. Derivation Rules for {∧, →, ⊥} 4/25



Derivation Rules for {∧, →, ⊥}

Bottom elimination

⊥ ⊥Eφ

Proof by contradiction (reductio ad absurdum)

[¬φ]x

...
⊥ RAAx
φ

where ¬φ := φ → ⊥.
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Derivation Rules for {∧, →, ⊥}

Definition
Let Γ be a set of formulae and let φ be a formula. The relation Γ ⊢ φ means that there is a
derivation with conclusion φ from the set of hypotheses Γ.
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Derivation Rules for {∧, →, ⊥}

Example
A derivation where every assumption is discharged once. A proof of Pierce’s law
⊢ ((φ → ψ) → φ) → φ.∗

Proof

[φ]x [¬φ]y
→E⊥ ⊥E

ψ
→Ix

φ → ψ [(φ → ψ) → φ]z
→Eφ [¬φ]y

→E⊥ RAAy
φ

→Iz

(φ → ψ) → φ) → φ

∗Adapted from [Alastair 2017].
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Derivation Rules for {∧, →, ⊥}

Example
A derivation using the same assumption twice. A proof that ⊢ (φ ∧ ψ) → (ψ ∧ φ).

Proof

[φ ∧ ψ]x
∧E

ψ

[φ ∧ ψ]x
∧E

φ
∧I

ψ ∧ φ
→Ix

(φ ∧ ψ) → (ψ ∧ φ)
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Derivation Rules for {∧, →, ⊥}

Example
A derivation where the assumption and the conclusion are the same. A proof that ⊢ φ → φ.

Proof

[φ]x
→Ix

φ → φ
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Derivation Rules for {∧, →, ⊥}

Remark
‘The rule schemes of natural deduction display only the open assumptions that are active in the
rule, but there may be any number of other assumptions.’ [Negri and von Plato 2008, p. 10]

Example
A derivation where there is a vacuous discharge when using the inference rule →I. A proof
that ⊢ φ → (ψ → φ).

Proof

[φ]x
→I (vacuous discharge of ψ)

ψ → φ
→Ix

φ → (ψ → φ)
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Derivation Rules for {∧, →, ⊥}

Remark
‘The rule schemes of natural deduction display only the open assumptions that are active in the
rule, but there may be any number of other assumptions.’ [Negri and von Plato 2008, p. 10]

Example
A derivation where there is a vacuous discharge when using the inference rule →I. A proof
that ⊢ φ → (ψ → φ).

Proof

[φ]x
→I (vacuous discharge of ψ)

ψ → φ
→Ix

φ → (ψ → φ)
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Derivation Rules for {∧, →, ⊥}

Example
A derivation using one hypothesis. A proof that φ ⊢ ¬(¬φ ∧ ψ) [van Dalen 2013,
Exercise 3.(a), p. 37].

Proof

φ

[¬φ ∧ ψ]x
∧E¬φ

→E
⊥

→Ix

¬(¬φ ∧ ψ)
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Derivation Rules for {∧, →, ⊥}

Example
A derivation using the same hypothesis twice. A proof that φ ∧ ψ ⊢ ψ ∧ φ.

Proof

φ ∧ ψ
∧E

ψ

φ ∧ ψ
∧E

φ
∧I

ψ ∧ φ
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Set of Derivations

Notation
(Whiteboard)

Definition (van Dalen [2013], Definition 2.4.1)
The set of derivations, denoted D, is the smallest set X with the properties:

(see next slide)
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Set of Derivations

34 2 Propositional Logic

of the meaning of negation, we only would get ¬¬ϕ. It is by no means clear that
¬¬ϕ is equivalent to ϕ (indeed, this is denied by the intuitionists), so it is an extra
property of our logic. (This is confirmed in a technical sense: ¬¬ϕ → ϕ is not
derivable in the system without RAA.)

We now return to our theoretical notions.

Definition 2.4.1 The set of derivations is the smallest set X such that

(1) The one-element tree ϕ belongs to X for all ϕ ∈ PROP.

(2∧) If D
ϕ

, D′
ϕ′ ∈X, then

D
ϕ

D′
ϕ′

ϕ∧ϕ′
∈X.

If D
ϕ∧ψ

∈X, then
D

ϕ∧ψ

ϕ

,
D

ϕ∧ψ

ψ

∈X.

(2→) If
ϕ
D
ψ

∈X, then
[ϕ]
D
ψ

ϕ→ψ

∈X.

If D
ϕ

, D′
ϕ→ψ

∈X, then
D
ϕ

D′
ϕ→ψ

ψ

∈X.

(2⊥) If D
⊥ ∈X, then

D
⊥
ϕ

∈X.

If
¬ϕ
D
⊥
∈X, then

[¬ϕ]
D
⊥
ϕ

∈X.

The bottom formula of a derivation is called its conclusion. Since the class of
derivations is inductively defined, we can mimic the results of Sect. 2.1.

For example, we have a principle of induction on D: let A be a property. If A(D)

holds for one-element derivations and A is preserved under the clauses (2∧), (2→)

and (2⊥), then A(D) holds for all derivations. Likewise we can define mappings on
the set of derivations by recursion (cf. Exercises 6, 7, 9).

Definition 2.4.2 The relation Γ � ϕ between sets of propositions and propositions
is defined as follows: there is a derivation with conclusion ϕ and with all (un-
canceled) hypotheses in Γ . (See also Exercise 6.)

We say that ϕ is derivable from Γ . Note that by definition Γ may contain many
superfluous “hypotheses”. The symbol � is called the turnstile.

If Γ = ∅, we write � ϕ, and we say that ϕ is a theorem.
We could have avoided the notion of “derivation” and taken instead the notion

of “derivability” as fundamental, see Exercise 10. The two notions, however, are
closely related.

Propositional Logic: Natural Deduction. Set of Derivations 15/25



Derivation Rules for the Missing Connectives {∨, ¬, ↔}

Disjunction

φ
∨I

φ ∨ ψ

ψ
∨I

φ ∨ ψ
φ ∨ ψ

[φ]x

...
σ

[ψ]y

...
σ

∨Ex,y
σ
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Derivation Rules for the Missing Connectives {∨, ¬, ↔}

Negation

[φ]x

...
⊥ ¬Ix¬φ

φ ¬φ
¬E⊥
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Derivation Rules for the Missing Connectives {∨, ¬, ↔}

Equivalence

[φ]x

...
ψ

[ψ]y

...
φ

↔Ix,y
φ ↔ ψ

φ φ ↔ ψ
↔E

ψ
ψ φ ↔ ψ

↔Eφ
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Derivation Rules for {∧, ∨, →, ⊥}
φ ψ

∧I
φ ∧ ψ

φ ∧ ψ
∧Eφ

φ ∧ ψ
∧E

ψ

φ
∨I

φ ∨ ψ
ψ

∨I
φ ∨ ψ

φ ∨ ψ

[φ]x

...
σ

[ψ]y

...
σ

∨Ex,y
σ

[φ]x

...
ψ

→Ix

φ → ψ

φ φ → ψ
→E

ψ

⊥ ⊥Eφ

[¬φ]x

...
⊥ RAAx
φ
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Derivation Rules for {∧, ∨, →, ⊥}

Example
Prove that ⊢ φ ∨ ¬φ [van Dalen 2013, example p. 49].

Proof

[φ]x
∨I

φ ∨ ¬φ [¬(φ ∨ ¬φ)]y
→E

⊥
→Ix

¬φ
∨I

φ ∨ ¬φ [¬(φ ∨ ¬φ)]y
→E

⊥
RAAy

φ ∨ ¬φ
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Natural Deduction in Sequent Calculus Style

AxΓ, φ ⊢ φ

Γ ⊢ φ Γ ⊢ ψ
∧IΓ ⊢ φ ∧ ψ

Γ ⊢ φ ∧ ψ
∧EΓ ⊢ φ

Γ ⊢ φ ∧ ψ
∧EΓ ⊢ ψ

Γ ⊢ φ
∨IΓ ⊢ φ ∨ ψ

Γ ⊢ ψ
∨IΓ ⊢ φ ∨ ψ

Γ ⊢ φ ∨ ψ Γ, φ ⊢ σ Γ, ψ ⊢ σ
∨EΓ ⊢ σ

Γ, φ ⊢ ψ
→IΓ ⊢ φ → ψ

Γ ⊢ φ Γ ⊢ φ → ψ
→EΓ ⊢ ψ

Γ ⊢ ⊥ ⊥EΓ ⊢ φ
Γ,¬φ ⊢ ⊥

RAAΓ ⊢ φ
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Natural Deduction in Sequent Calculus Style

Example
We prove that ⊢ φ ∨ ¬φ.

(continued on next slide)
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Natural Deduction in Sequent Calculus Style

Proof
Let Γ = {φ,¬(φ ∨ ¬φ)} and ∆ = Γ − {φ}.

Ax
Γ ⊢ φ

∨I
Γ ⊢ φ ∨ ¬φ

Ax
Γ ⊢ ¬(φ ∨ ¬φ)

→E
Γ ⊢ ⊥

→I
∆ ⊢ ¬φ

∨I
∆ ⊢ φ ∨ ¬φ

Ax
∆ ⊢ ¬(φ ∨ ¬φ)

→E
∆ ⊢ ⊥

RAA
⊢ φ ∨ ¬φ
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Natural Deduction in Sequent Calculus Style

Example
A derivation where there is a vacuous discharge when using the inference rule →I. A proof
that ⊢ φ → (ψ → φ).

Proof

Ax
φ ⊢ φ

→I (vacuous discharge of ψ)
φ ⊢ ψ → φ

→I
⊢ φ → (ψ → φ)
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