
752 II/Boolean Algebra 1 1-4 

TABLE 3 The Boolean Functions of Degree Two. 

x y FI F2 F3 F4 Fs F6 F, Fa F, FlO FII FI2 FI3 FI4 FI5 FI6 
1 1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 

1 0 1 1 1 . 1 0 0 0 0 1 1 1 1 0 0 0 0 

0 1 1 1 0 0 1 1 0 0 1 1 0 0 1 1 0 0 

0 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 

A Boolean function of degree two is a function from a set with four elements, namely, 
pairs of elements from B = {O, I } , to B,  a set with two elements. Hence, there are 1 6  different 
Boolean functions of degree two. In Table 3 we display the values of the 1 6  different Boolean 
functions of degree two, labeled F1 , F2 , ••• , F16• 

EXAMPLE 7 How many different Boolean functions of degree n are there? 

Solution: From the product rule for counting, it follows that there are 2n different n-tuples of 
Os and 1 s. Because a Boolean function is an assignment of 0 or 1 to each of these 2n different 
n-tuples, the product rule shows that there are 22" different Boolean functions of degree n. .... 

Table 4 displays the number of different Boolean functions of degrees one through six. The 
number of such functions grows extremely rapidly. 

Identities of Boolean Algebra 

There are many identities in Boolean algebra. The most important of these are displayed in 
Table 5 .  These identities are particularly useful in simplifying the design of circuits. Each of 
the identities in Table 5 can be proved using a table. We will prove one of the distributive laws 
in this way in Example 8.  The proofs of the remaining properties are left as exercises for the 
reader. 

EXAMPLE 8 Show that the distributive law xCV + z) = xy + xz is valid. 

Solution: The verification of this identity is shown in Table 6. The identity holds because the 
last two columns of the table agree. .... 

TABLE4 The Number of Boolean 
Functions of Degree ". 

Degree Number 

1 4 

2 16 

3 256 

4 65,536 

5 4,294,967,296 

6 18,446,744,073,709,551,616 


