DEFINITION 1

11.1 Boolean Functions 755

The Abstract Definition of a Boolean Algebra

In this section we have focused on Boolean functions and expressions. However, the results we
have established can be translated into results about propositions or results about sets. Because
of this, it is useful to define Boolean algebras abstractly. Once it is shown that a particular
structure is a Boolean algebra, then all results established about Boolean algebras in general
apply to this particular structure.

Boolean algebras can be defined in several ways. The most common way is to specify the
properties that operations must satisfy, as is done in Definition 1.

A Boolean algebra is a set B with two binary operations V and A, elements 0 and 1, and a
unary operation — such that these properties hold for all x, y, and z in B:
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Using the laws given in Definition 1, it is possible to prove many other laws that hold for every
Boolean algebra, such as idempotent and domination laws. (See Exercises 35—42.)

From our previous discussion, B = {0, 1} with the OR and AND operations and the com-
plement operator, satisfies all these properties. The set of propositions in n variables, with the v
and A operators, F and T, and the negation operator, also satisfies all the properties of a Boolean
algebra, as can be seen from Table 6 in Section 1.2. Similarly, the set of subsets of a universal
set U with the union and intersection operations, the empty set and the universal set, and the
set complementation operator, is a Boolean algebra as can be seen by consulting Table 1 in
Section 2.2. So, to establish results about each of Boolean expressions, propositions, and sets,
we need only prove results about abstract Boolean algebras.

Boolean algebras may also be defined using the notion of a lattice, discussed in Chapter 8.
Recall that a lattice L is a partially ordered set in which every pair of elements x, y has a least
upper bound, denoted by lub(x, y) and a greatest lower bound denoted by glb(x, y). Given two
elements x and y of L, we can define two operations V and A on pairs of elements of L by
x Vy=Ilub(x,y)and x A y =glb(x, y).

For a lattice L to be a Boolean algebra as specified in Definition 1, it must have two
properties. First, it must be complemented. For a lattice to be complemented it must have a
least element 0 and a greatest element 1 and for every element x of the lattice there must exist an
element x such thatx VX = 1 and x A X = 0. Second, it must be distributive. This means that
forevery x,y,andzinL,x V(y Az)=(x VYY) A(x Vz)andx A(y VZ) =(x Ay) V(X A2).
Showing that a complemented, distributive lattice is a Boolean algebra is left as Exercise 39 at
the end of this section.



